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Abstract 



Q> ■ We study sequences fk : S^ — > M" of conformally immersed, compact Riemann surfaces 

CN I with fixed genus and Willmore energy W{f) < A. Assume that 'Ek converges to S in 

moduh space, i.e. (/)^(S;j) — > S as complex structures for diffeomorphisms 4'k- Then we 

r^ I construct a branched conformal immersion / : S — >■ M" and Mobius transformations a^, 

such that for a subsequence <7k. ° fk ° 4'k ~^ f weakly in W^^^ away from finitely many 
points. For A < Stt the map / is unbranched. If the E^ diverge in moduli space, then we 

rS^ • show liminffe^oo W(/fc) > min(87r,a;p). Our work generalizes results in [K-S2) to arbitrary 

j^ I codimension. 



1 Introduction 

Let S be a closed oriented surface of genus p G Nq. For an immersion / : S — )• M" the Willmore 



w(/)4/^ 



(N 
> 

\^ , functional is defined by 

^—N . where H is the mean curvature vector and g is the induced metric on S. The infimum among 

(^ \ closed immersed surfaces of genus p is denoted by /?" . We have (3^ = 4tt, which is attained only 

by round spheres [^. For p > 1 we have the inequalities 47r < /3p < Stt [SJ [K] . In this paper 
we study compactness properties of sequences /^ : S — )• M" with yV{fk) < A. By the Gauf5 
k> ', equations and Gauf5-Bonnet, the second fundamental form is then equivalently bounded by 



f \Affd^ig,<AA + 87T{p-l) 



In [L] Langer proved a compactness theorem for surfaces with ||A||2,9 < A for g > 2, using that 
the surfaces are represented as C^-bounded graphs over disks of radius r{n^ q, A) > 0. Clearly, 
the relevant Sobolev embedding fails for q = 2. For surfaces with ||^||i2 small in a ball, L. 
Simon proved an approximate graphical decomposition, see [S], and showed the existence of 
Willmore minimizers for any p > 1, assuming for p > 2 that 

13; < min{47r + ^(/3;^ -47r) : Y.m=p, l<p,<p}=u;;. 
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This inequality was confirmed later in |B-K| . As linip^oo /3p = Svr by |K-L-Sj , we have w" > Svr 
for large p. Recently, using the annulus version of the approximate graphical decomposition 
lemma, a compactness theorem was proved in |K-S2] for surfaces in R^ under the assumptions 

. , I Svr if p = 1 , 

liminfW(/fe)< . / ' 

Moreover, it was shown that these conditions are optimal. For n = 4 the result was proved under 
the additional assumption liminf^^oo VV(/fc) < /3p + ^. In |K-S3| these compactness theorems 
were applied to prove the existence of a Willmore minimizer with prescribed conformal type. 

Here we develop a new approach to compactness, generalizing the results of |K-S2j to any 
codimension. As main tools we use a convergence theorem of Hurwitz type for conformal im- 
mersions, which is due to Helein [H], and the estimates for the conformal factor by Miiller and 
Sverak j M-Sj . The paper is organized as follows. In Section 2 we introduce the notion of W'^''^ 
conformal immersions, and recall the main estimate from [M-S] as well as the monotonicity 
formula from [S]. In Section 3 we adapt the analysis of |M-S] to show that isolated singularities 
of conformal immersions with square integrable second fundamental form and finite area are 
branchpoints, in a suitable weak sense. The compactness theorem for conformal immersions is 
presented in Section 4. We first deal with the case of a fixed Riemann surface in Proposition 14. 11 
and extend the result to sequences of Riemann surfaces converging in moduli space in Theorem 
14. 5[ Finally in Section 5, we study surfaces whose conformal type degenerates and show that 
the lower bound from [K-S2] extends to higher codimension. Along the lines, we state a version 
of Theorem 5.1.1 in [Hj with optimal constants. 

2 W^'^ conformal immersions 

Definition 2.1. Let Ti be a Riemann surface. A map f G W^^^(Y^,M") is called a conformal 
immersion, if in any local parameter the induced metric gij = (5j/, djf) is given by 

9ij ~ ^ ^^ij where u G L'^^{U). 

For compact S the set of all W^''^ -conformal immersions is denoted by W^^^^{T,,W^). 

It is easy to see that for / G W^^^^^CEjEJ^) one has in a local parameter 

n=ilog(i|Z)/|2)EO). 

The induced measure fig, the second fundamental form A and the mean curvature vector H are 
given by the standard coordinate formulas. We define Kg by the Gaufi equation 

Kg = ^{\H\' - \A\l) = e-'^{{Au,A22) - {A.^l')- 
In a local parameter, we will now verify the weak Liouville equation 

[ {Du, D^p) = [ Kgc^^'f for all <f £ C^{U). 
Ju Ju 



In particular, this shows that Kg is intrinsic. We start by computing 

{dy,dkf) + {dlf,d,f) = 2e^^diu5jk, 

which imphes after permutation of the indices that 

{dfjf, dkf) = e^" {diu 6jk + djuSik - dkU 6ij) . 

Expanding exphcitely yields 

dfif = Au+diudif -d2ud2f 
822! = M2 - diu dif + d2U 82/ 
8^2/ = Ai2 + d2udif + diud2f, 

and we get 

{Au,A22) - IA12P = {d!j,di2f) - \dJ2f\^ + 2e^''\Du\^. 

For any u € W^^^ r\L°°{U), f e W'^^l{U,W) and c/? G C^{U) we have the formula 

This follows by approximation from the case when / is smooth. Now for / conformal 

(9i/, dl2f) = e^''d2U and (5i/, ^^s/) = -e'^^m, 
which yields 

/ ((5?i/,9i2/> - |9?2/l')e-'> = j {Du,Dip) -2 J \DuW, 

and the Liouville equation follows. 

Remark 2.2. More generally if g = e^^go where go is any smooth conformal metric, then 

— Ag„u = KgC " — Kgf, weakly. 
Testing with a constant function, we infer for closed S the Gaufi-Bonnet formula 



[ Kgd^,g = 27rx{^). 



W"^'^ conformal immersions / can be approximated by smooth immersions in the W'^'^ norm. 
In fact, a standard mollification /^ will be immersed for small e > 0, by an argument of |S-U] . 

2.1 Gaufi map and compensated compactness 

By assumption the right hand side Kge^^ of the Liouville equation belongs to L^. In |M-Sj 
Miiller and Sverak discovered that the term can be written as a sum of Jacobi determinants, 
and that improved estimates can be obtained from the Wente lemma |Wenj or from |C-L-M-5] . 
The following result is Corollary 3.5.7 of |M-S] . Recall that in their notation, u denotes twice 
the standard Kahler form and Wq' (C) is the space of functions v £ Lf^^{C) with Dv G L^(C). 



Theorem 2.3. Let ip G Wo'^(C,CP") satisfy 



ip*uj = and / Jip < 7 < 27r. 
C Jc 

Then there is a unique function v G Wq' (C) solving the equation —Av = *ip*oj in C with 
boundary condition liiQz~^oDv{z) = 0. Moreover 

II^IIl-(c) + II^^^IIl2(c) < ^(7) / \Dipf. 

Jc 

For / G W^f^f{D,W^) let G £ PF^'2(Z),CP"-i) be the associated Gaufi map. Here we embed 
the Grassmannian G(2, n) of oriented 2-planes into CP"""^ by sending an orthonormal basis ei,2 
to [{ei + ie2)/V2]. Then 

Kgc"^^ = *G*u; and / |DGp = ^ / {Al"^ dfig. 

9 9 o 

Corollary 2.4. For f G W^^j^f(Z),M'^) mi/i induced metric gij = e 6ij, assume 

f , .,2 , I 8vr i/n = 3, 

/ A d/ig < 7 < 7„ = < 

Then there exists a function u : C — t- M solving the equation 

-Av = Kge^"" in D, 
and satisfying the estimates 

|2 



bllL°°(C) + \\Dv\\l2^c) < C{-y) / \A\ dug. 



D 



Proof We fohow [M^ . Define the map (^ : C ^ CP"-^ by 

. . _ / G(z) iiz£D 
'^^^^-\ G(i) ifzGC\D. 



Then ip G VFg ' (C, CP"-^) and /^ V7*w = 0. For n > 4 we have 

Jip = 2 I JG<\ I |Ap d^jLg<1;< 2tt. 



'c -'D 2 jj) 2 

Thus the result follows from Theorem 12. 31 The same is true for n = 3, since then 

J^=\ I \Kg\dlXg<- J |^|2 dlXg<^< 2^. 

c ^ JD ^ Jd 4 



n 



The function KgC^'"" belongs actually to the Hardy space TH}, see |C-L-M-Sj . This implies that v 
has second derivatives in L^, and in particular that v is continuous |M-Sj . As n — v is harmonic, 
it follows that u is also continuous, but this will not be used here. The following is an immediate 
consequence of Corollary 12.41 



Corollary 2.5. Let f G W^^j^^{D,M."') with induced metric gij = e^'^Sij. If 

/ I^Pd/^5 <7<7n, 

Jd 



then we have the estimate 

\\AL^{D^) + \\Du\\L■2lJ:,^<C{-1)i / \A\^dfig + \\u\\LitD) 
^ ^ ^ Jd 

2.2 Simon's monotonicity formula 

We briefly review the monotonicity identity from [S] for proper W'^''^ conformal immersions 
f : T, ^ M"". For more details we refer to |K-Slj . Since / is locally Lipschitz, the measure 
fi = f{^g) is an integral varifold with multiplicity function ^^(/x, x) = #f^^{x} and approximate 
tangent space TxfJ. = Df{p) ■ TpT, a.e. when x = f{p). The immersion / satisfies 

I diVgX dfig = - [ {X, H) dug foT auj X G Wq '^(S, R"). 

For the varifold /i this implies the first variation formula 

/ div^(l)d^ = - / {<p,Hf,)dn, 
Ju Ju 

where the weak mean curvature is given by 

H M-/^^^pe/-W^(^) ife2(^,x)>0, 
'^^ ~ \0 else. 

From the definiton we have trivially the inequality 

Observing that Hi^i{x) is fi a.e. perpendicular to T^fJ,, the proof of the monotonicity identity in 
^ extends to show that for Bo-{xo) C Bq{xq) one has 



1 



QxoiQ) - 9xo{cr) = T7Z 



16vr J Beixo)\B^{xo) 



{x - xq)- 



H^ + A- 

\x — Xol 



2 



dyU, where 



^ ^^^^/iCB^^^ 1 1 I i^^_^^^H^)dn. 

Trr^ 47r 27rr^ J Br{xo) 

Applications include the existence and upper semicontinuity of ^^(/x, x) and, for closed surfaces, 
the Li-Yau inequality, see [LYj . 

Another consequence is the diameter bound from [S]. If S is compact and connected, then for 
/ G Hf^^f(S,M") one obtains 

1 



(^)'<diam/(S)<c(^,(S)W(/))^ (2.1) 



3 Classification of isolated singularities 

In [M-S] Miiller and Sverak studied the behavior at infinity of complete, conformally parametrized 
surfaces with square integrable second fundamental form. Here we adapt their analysis to the 
case of finite isolated singularities. 

Theorem 3.1. Suppose that f G W^f^j^^^^{D\{0},W) satisfies 

/ 1^1 dfj,g < oo and fJ'g{D) < cx), 
Jd 

where gij = e^'^Sij is the induced metric. Then f £ H^^'^(L>,M"') and we have 

u{z) = m\og\z\ + uj{z) w/iere m G No, a; G C°n H^^'^(D), 
-Au = -2rmT6o + i^^e^" in D. 

The multiplicity of the immersion at /(O) is given by 

6*2 {fifig^D^iO)), /(O)) = m + 1 for any small a > 0. 

Moreover, if m = then f is a conformal immersion on D . 

Proof. We may assume J^ \A\'^ dfig < 47r, hence the GauB map G : D ^ G{n, 2) has energy 

[ 1^^12 = 1 / \A\^d^ig <27r. 
Jd ^ Jd 

Extending by G{z) := G(l/z) for \z\ > 1 yields G G VFo'^(m2, G(n,2)), where 

/ G*a; = and f JG < [ {DGl"^ < 2-k. 

Thus there is a function ^ G C° n Wo'^(M2) such that 

-Au = Kqc'^'' and lim v{z) = 0, 

2— i-CO 

lbllco(R2) + \\Dv\\i^2aga) <G \A\'^dng. 

Jd 

Now consider the harmonic function h : -D\{0} — )• M, h{z) = u{z) — v{z) — a log \z\, where 

a = — [ ^^-L^dseR for rG (0,1). 



2vr JdDriO) 9r 

We claim that h has a removable singularity at the origin. Let h = Kecj) where cp : D\{0} — )■ C 
is holomorphic, and compute for m = minjA; G Z : /c > a} 

Thus z'^e'^'^^'^ = z^g{z) for A; G No and g : D ^ C\{0} holomorphic, which yields h{z) = 
{k — m)log|2;| + log|g'(2;)|. But the choice of a in the definition of h implies k = m, thereby 
proving our claim. Moreover from |z|" = e^(^>-^(^)-H^) g L'^{D) we conclude that 

u{z) = alogl^l +uj{z) where a > -1, a; G C° nW^'^{D). 



Next we perform a blowup to show that a = m. For any zq £ C\{0} and < A < l/|^;o| we let 



fx-Di{0) 



h{z) = -^{f{Xz)-f{Xzo)). 



A«+ 



The fx have induced metric {gx)ij = e^^^dij, where 

ux{z) = u{Xz) — a log X = a log \z\ + uj{Xz). 

Putting ojQ = '^(O) we have 

ux{z) ^ alog \z\ + uo in C^ n W^;^^ {C\{0}) . 

Furthermore, the Gaufi map of fx is given by Gx{z) = G{Xz), in particular DGx — ?■ in 
L2^^(C\{0}). Using the formula 



|Z)2/A|' = 2e2«^(|Z)GAp + 2|DuA|'), 



we obtain by Vitali's theorem 



\D'fxm 



2e'^«a 



\z 



l-a 



inLL(C\{0}). 



As fx{zo) = 0, we can find a sequence Afc \ such that the fx^. converge in Cioc(.'^\{^}) ^^'^ 
weakly in W^^^ (C\{0}) to a limit map /o : C\{0} — )■ M" satisfying /o(2o) = 0. After passing to 
a further subsequence, we can also assume that Gx^. 
a constant. It is then easy to see that /o maps into the plane L. Further we have 



L in Wl^^{C\{0}) where L G G(n,2) is 



{difo{z),djfo{z)) 



32'^»|zP°<5, 



y 



Using that /q is locally in W ' H W '°° we verify the identity 

(A/o,5j/o) = di{difo,djfo) - -dj{difo,difo). 

Since /o is conformal, maps into L and has rank two almost everywhere we see that /o is 
harmonic on C\{0}. Identifying L = C by choosing an orthonormal frame ei^2) the conformality 

relations are 

'dfo dfo' 



dfo(df 



dz \ dz 



dfo 
dx 


2 


dfo 
dy 



2i 



dx ' dy 



0. 



Since the two factors on the left are holomorphic, the identity principle implies that /o is 
holomorphic on C\{0}, after replacing ei,e2 by ei,— 62 if necessary. Now |/o(z)| = e'^"|z|° and 
thus for some /3 G [0, 2tt) 

/^(z) = e'^»+^^z° on C\ [0,00). 

As /q is single-valued, we must have a = m G No and 



foiz) 





m + 1 



rra+l 



m+l) 



In particular, we have the desired expansion u{z) = mlog \z\ + v{z) + h{z), and u satisfies the 
stated differential equation. Furthermore 



|^2^|2 ^ 2e2"(|Z)G|2 + 2\Du\^) G L\D), 



thus / G W ' {D,W^). Assuming without loss of generahty /(O) = 0, we claim that 



2^0 |z|™+i m + 1 

Since \Df{z)\ = |z|'"e'^(^) with co bounded, we have \f{z)\ < C|z|™+^ Now let z^. ^ be a 
given sequence. We can assume that Cfc := r^ — ^ C with \0 = 1, and compute 



Ifi^k) 



\zk\"'+^ m+1 



f\ki'^k) + -^^^f{^kZo) 



< 



fXkiCk) 



p<^o+«/3 



oi^o+i/3 



m + 



-(r+^-zo-+^) 



m + 1 



-z. 



m+1 




m + 



-(r+^-zo™+') 



+ C\zo 



m+1 



Letting fc — )• oo we obtain, for a constant C < cxd depending only on m and w, 

\f{zk)\ 



lim inf 



<C|zo 



m+1 



Izfcl'^+i m + 1 
This proves our claim since zq G C\{0} was arbitrary. Now 



lim , ,, 

^\0 7rr{g)' 



m + 1 where r(^) 



m+1 



m+1 



Choose (7 G (0, 1) such that f{z) 7^ for z G L'o-(0)\{0}, and let gi^2 > be such that 

"''(^i) = r = 'yr{g2), where 7 G (0, 1). 

7 

Then for r > sufficiently small we have the inclusions 

D,,iO) C {f-\BrmnD^iO))cD,,{0)- 

It follows that 

_2 /^,(ZJ,,(0)) ^ /(/igLZJ.(0))(i3,(0)) ^ 1 fig{D,M) 



7rr(gi) 



irr^ 



7^ 7rr(^2)^ 



Letting r \ 0, 7 /" 1 proves that 6'2(/(/igLi:'^(0)),0) = m + 1. 



D 



A map / : E — >• M" is called a branched conformal immersion (with locally square integrable 
second fundamental form), if / G W^^^^ i^^{T,\S ,W^) for some discrete set 5 C S and 

/ 1^1 dfig < 00 and /Ug(^) < 00 for all CC S. 
Jn 

The number m(p) as in Theorem 13. II is the branching order, and m{p) + 1 is the multiplicity at 
p G S. The map / is unbranched at p if and only if m{p) = 0. For a closed Riemann surface S 
and a branched conformal immersion / : S — )• M", consider now 



/ = /,„ o / : S\/-Hxo} 



where Ixo{x) = xq + 



X — Xq 
\x — Xq\' 



Then g = e^"" g where v = — log |/ — xq\^. The weak Liouville equation says that 

/ ^K'gd^i~g- / ^Kgdfig = - / ( Z) log | / " xq ^ , -D (/?) ^ ^^g foi dh (^ £ Cq^ ( S \ / ^ ^ { xq } ) • 
Jt, Jt, jt. 

A simple computation shows \A°\'^d^g = \A°\^ d^g, hence by the GauB equation 

- / ip\H\^ dfig - - j ip\H\^dng = - j {D\og\f -xo\^,Dip)gdiXg. 

Approximating y? = 1 by cutting off at suitable radii near each point p G /"^{xq}, we conclude 
from the asymptotic information of Theorem 13.11 

W(/) = W(/) - 4vr Y. Mp) + 1)- (3-1) 

pe/-i{^o} 

4 Weak compactness of conformal immersions 

Proposition 4.1. Let T, be a closed Riemann surface and fi^ S W^^^fCFijW^) be a sequence of 
conformal immersions satisfying 

W{fk) < A < oo. 

Then for a subsequence there exist Mobius transformations a^ and a finite set 5 C S, such that 

akofk^f weakly m W^^^{^\S, M"), 

where / : S — t- M" is a branched conformal immersion with square integrable second fundamental 
form. Moreover, if A < 8tt then f is unbranched and topologically embedded. 

We will use the following standard estimate. 

Lemma 4.2. Let T, be a two-dimensional, closed manifold with smooth Riemannian metric go, 
and suppose that u £ W^''^{T,) is a weak solution of the equation 

-Ag^u = F, where F £ L^iT.). 

Then for any Riemannian ball B^ip) and q £ [1,2) we have 

-—1 
Il-Du||i,(jj9(p)) < Cri ||F||ii(s) where C = C{T.,go,q) < oo. 

Proof. We may assume that ||-^||li(e) = 1 ^nd Jj^udfigg = 0. The function u is given by 

u{x)= / G{x,y)F{y)dfigo{y), 

where G{x,y) is the Riemannian Green function, see Theorem 4.13 in |Aub] . In particular 
G{x,y) = G{y,x), and we have the estimate 

\D^G{x,y)\ < ^^ where C = C{^,g)<oo. 



By Jensen's inequality we get 



\Du\'idfig, < / { \D,G{x,y)\\F{y)\diig,{y)y d^lg,{x) 

Br{p) JBrip) ^JT, ' 

< f\F{y)\f \D,G{x,y)\id^ig,ix)d^ig,{y) 

< C \F{y)\ dfig,{x)dfigo{y). 



Now if d(p, y) < 2r we can estimate 



1 /■ 1 



Brip)d{x,y)i ' JB3riy)d{x,y) 



In the other case d{p,y) > 2r we have d{x,y) > r on Br{p), which iniphes 

^df^g,{x) < ^Ug{Br{p)) < Cr^-'i. 



,Brip)d{x,yY "^"^^ ' - T<i 
The statement of the lemma follows. □ 

Proof of Proposition ^4^' We may assume ;Ugj.L|^fcp — )■ a as Radon measures, and put 

5 = {p G S : ai{p}) > 7„}. 
Choose a smooth, conformal background metric go and write g^ = e'^^'^go. Then 

^ \Kg^e'''^>'\d^^g, = ^ \Kg,\ df,g, < ^ ^ j^fc^ d fi g , < C (A) . 

From the equation —Ag^Uk = -K'g^e^"'= — Kg^, we thus obtain using Lemma 14.21 for arbitrary 
q G (1,2) the bound 

[ \Duk\Ufig,<C = C{A,^,go,q). 
JT, 

By dilating the fk appropriately we can arrange that 

Uk dfiga = 0, 

E 

and then get by the Poincare inequality, see Theorem 2.34 in |Aub| . 

lkA;||vi^i.9(S) ^ C. 

In particular, we can assume that Uk ^ u weakly in W^''^(Tj). For any p ^ S, we choose 
conformal coordinates on a neighborhood Us{p) = -^^(O), where Us{p) CC T,\S. Putting {gk)ij = 
e^'"*'5ij we have (50)1^ = e^^'"''~'^''> 6ij and hence, for a constant depending on Us{p), 

W^kWw^'iiUsip)) ^ C*. 

Passing to a smaller 5 > if necessary, we obtain from Corollarv 12.51 the estimate 

\\'"k\\L°°iUsip)) + WDVkWL^iUsip)) < C. 

10 



Hence we can assume that Vk converges to v on Us{p) weakly in W^''^ and pointwise almost 
everywhere. But now \Dfk\ = e"'' and A/^ = e'^^'^Hk, where by assumption 



/ \Hk\'^e^'"= dxdy < A. 



'Usip) 

Translating the /^ such that fkip) = for some fixed p £ 5]\5, we finally obtain 

WfkWw^.^in) < C for any Q CC S\5. 

In particular the fk converge weakly in W^^^ (X'\<S) to some / E W^^c (^V*^)' where / has induced 
metric g = e^'^g^ and u S Lf^^iY^S). If limsup;j_>.f^ //^^.(S) < oo, then //g(S) < oo by Fatou's 
lemma, and the main statement of Proposition 14.11 follows from Theorem 13.11 

To prove the statement also in the case //^^.(II) — >• oo, suppose that there is a ball Bi{xq) 
with /fc(S) n Bi{xq) = for all k. Then fk = Ixq ° fk converges to / = Ix^ o / weakly in 
Wi^^{T,\S), and / has induced metric g = e^^go where u = u — log|/ — xqP G Lf^^{T,\S). 
Moreover, Lemma 1.1 in [S] yields that 

^3,(S)<A(diamA(S))'<2A. 

Thus /ig(S) < oo and the result follows as above. To find the ball Bi{xq) we employ an argument 
from |K-S2] . For Hk = fkil^g^) we have by equation (1.3) in [S] 

/Ufc(Si?,(0)) < CR^ for ah R > 0. 

Thus /ifc — >• ^ and fk{fig^.L-\Hk\'^) — )■ z^ as Radon measures after passing to a subsequence. 
Equation 1.4 in [SI implies in the limit 

u(B (x)) 

^^ ^^ '' + uiBJx)) > c> for all x G spt /i, ^ > 0. 

As shown in [SJ, p. 310, the set of accumulation points of the sets /a:(S) is just spt/u. For 
i? > to be chosen, let B2{xj), j = 1, . . . ,N, he a maximal collection of 2-balls with centers 
Xj G Bji(0), hence N > i?"/4". Now if spt^ n Bi{xj) ^ for all j, then summation of the 
inequality over the balls yields 

TV 

cN<Y, {f^{B2{xj))+i^{B2{xj))^ < C{A,n){R^ + 1). 
j=i 

Therefore spt^ n Bi{xj) = for some j, if i? = R{A,n) is suffciently large. The additional 
conclusions in the case A < Svr are clear from formula (|3.ip and Theorem 13.11 □ 

The following existence result is proved independently in a recent preprint by Riviere [R]. It 
extends previous work of Kuwert and Schatzle |K-S3] . In their paper, it is shown that the 
ininimizers are actually smooth. 



Corollary 4.3. Let T, be a closed Riemann surface such that 
Then the infimum /3£ is attained. 



/3£ = inf{W(/) : / G H^^'^^f(S,M")} < 8^. 



11 



We now generalize Proposition 14.11 to the case of varying Riemann surfaces. The following 
standard lemma will be useful, see |D-Kj for a proof. 

Lemma 4.4. Let gk,g be smooth Riemannian metrics on a surface M, such that g^ ^- g in 
C"*'"(M), where s G N, a G (0,1)- Then for each p G M there exist neighborhoods Uk,U and 
smooth conformal dijjeomorphisms (pk '■ D ^ Uk, such that c^^ — )• 93 in C^~^^'°'{D,M). 

Theorem 4.5. Let fk £ W^^'^(5]fc,M") be conformal immersions of compact Riemann surfaces 
of genus p. Assume that the S^ converge to T, in moduli space, i.e. (/)^(Sfc) -^ T, as complex 
structures for suitable diffeomorphisms 4>k, and that 

W(/fe) < A < 00. 

Then there exist a branched conformal immersion / : S — )• R" with square integrable second fun- 
damental form, a finite set S C M and Mobius transformations ak, such that for a subsequence 

TkofkOcPk^f weakly %n W''^''{Y\S, M"). 

The convergence of the complex structures implies that 4>l.go,k -^ 90, where g'o.fc; 9 are the 
suitably normalized, constant curvature metrics in S^, S, see chapter 2.4 in [T]. The proof is 
now along the lines of Proposition 14.11 using the local conformal charts from Lemma 14. 4[ 

5 The energy of surfaces diverging in moduli space 

5.1 Helein's convergence theorem 

The following result is essentially Theorem 5.1.1 in [H], except that the constant Svr/S is replaced 
here by 7„, exploiting the estimate from |M-Sj . At the end of the subsection we will show that 
7„ is in fact optimal. 

Theorem 5.1. Let fk G W^^^f{D,W^) be a sequence of conformal immersions with induced 
metrics {gk)ij = e^^'^^ij, and assume 



Jd 



Svr for n = 3, 
Ait for n > 4. 



Assume also that fj,g^{D) < C and /^(O) = 0. Then f/. is bounded in W^^^ (D,]R"), and there is 
a subsequence such that one of the following two alternatives holds: 

(a) Uk is bounded in Lf^^(D) and fk converges weakly in W^^^ {D, M") to a conformal immer- 
sionfGW^^l,^^jD,W). 

(b) Myfc — )• — 00 and /a; — )• locally uniformly on D. 

Proof. By Corollarv 12.41 there is a solution v^ of the equation —Av^ = Kg^e^'^'' satisfying 



JD 



Clearly hk = Uk — Vk is harmonic on D. Now 



Jd J\n 



'D Huk>0} 
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and hence by Jensen's inequality 



ut<C. 



L 

For dist (z, dD) > r where r G (0, 1) we get 

hk{z) = — K / {uk - Vk) < — ^ / ^fc + \\vk\\L°°(D) < C{'j,r). 

Thus Uk = Vk + hk is locally bounded from above, which implies that the sequence fk is bounded 
in Ty/;~(D,R"). As Afk = e'^'^^Hf^, we further have for = Di^r{0) 

[ lA/fep = / e'^'^lHffdfig, < C(7,r) / \Aff df^g, < C{j,r). 
Jn Jn Jo. 

Thus fk is also bounded in W^^'^ (Z),R") and converges, after passing to a subsequence, weakly 
to some / G Wf;l n VF/;~(D, M"). Now if /^ u^ < C, then for dist (z, SL*) > r 

/ifc(^) = — o I (uk- Vk) > 5 / % - lbfc||L°°(D) > -C{'y,r). 

Thus Ufc = ffc + hk is bounded in L^^ n W^^'^(Z)), and u^ converges pointwise to a function 
u £ L^^{D). We conclude 

gij = {dif,djf) = e^'^6ij, 

which means that / is a conformal immersion as claimed in case (a). We will now show that 
Jp u^ — 7- c« implies alternative (b). Namely, we then have 

/ifc(O) = - {uk- Vk) -> -00. 
TT Jd 

As C(7, r) — hk > on il, we get by the Harnack inequality 

sup hk < , inf /ifc + C(7, r ) — )■ —00 where fJ' = -Di-2r (0) . 

Thus Uk = Vk + hk ^>- —00 and fk^O locally uniformly on Z). □ 

Applying Lemma [4.4l we get a version of Helein's theorem for conformal immersions with respect 
to a convergent sequence of metrics. 

Corollary 5.2. The statement of Theorem lS.ll continues to hold for immersions fk G W'^''^{D,M.'^) 
with induced metric Qk = e^^'^go^k; if the {go^k)ij converge to dij smoothly on D. 

Relating to Remark 5.1.3 in [H|, we now show that the constant 4tt in Theorem 15.11 is optimal 
for n > 4. For e > we consider the conformally immersed minimal disks 

f,:D^C^feiz)=(^^z^,ez). 

We compute {g£)ij = e^^^Sij where Ueiz) = ^ \og{\z\'^ + e^), and further 



Hf dlig^ = -2 / Kg^ df,g^ = 2 -Krds = — -^ < 47r. 
D Jd JdD or i + e 
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As fe{z) — >• (2-2^,0) for e \ 0, none of the two alternatives (a) or (b) is satisfied. For the 
optimality of 73 = Svr we also follow |M-Sj and consider Enneper's minimal surface 

f:C^R\ f{z) = ^Re (^ - ^z^i{z+^z^),z^y 

We have fx{z) = ^/(Az) -^ -5(2^,0) G C x M = R^ as A /" 00. Restricting fx to D yields 
conformally immersed disks with J„ |^/;^P '^Msa ^ ^^• 

5.2 The case of tori 

The following was proved in |K-S2) for n = 3, and for n = 4 with bound min(87r, f]f + %^). 

Theorem 5.3. Let S^ be complex tori which diverge in moduli space. Then for any sequence 
of conformal immersions fk G VF^Qj^f(Sfc,M") we have 

liminf>V(/fc) > Svr. 

fc— >-oo 

Proof. We may assume that S^ = C/r^ where F^ = Z©Z(afc+i6fc) is normalized by < a^ < 2 , 
a1 + b'^> I and bk > 0. We also assume that the /^ : S^ — ^ M" satisfy 



- lim sup / l^/fc P dfj.g^^ = lim sup W{fk) < A 

^ fc— ^-oo i/Si. fc— +00 



< 00. 



We lift the fk to F^-periodic maps from C into M". Theorem 13.11 shows that fk is not constant 
on any circle C^ = [0,1] x{v}, v ^M.. Hence by passing to j-{f{u,v + Vk) — f{0,Vk)) for suitable 
Ajt > 0, Ufc G [0, bk), we may assume that 

1 = diam/fc(Co) < diam/fc(C^) for all v £R, and /^(O, 0) = 0. 

Arguing as in the proof of Proposition l4.H we obtain Bi{xq) C M" such that /fc(Sfc)ni?i(xo) = 
for all k. For fk = Ixq ° fk we have fkij^k) C Bi{xq), and Lemma 1.1 in [S] implies an area 
bound iig^{Tik) < C. Up to a subsequence, we have ^gf,i.\At p — )• a as Radon measures on the 
cylinder C = [0, 1] x M. The set 5 = {tD G C : a{{w}) > 7„} is discrete, and 

g{w) = M{g > : aiD^iw)) > 7„} > for w G J7 = C\S. 

Now fk converges locally uniformly in either to a conformal immersion, or to a point xi G M". 
This follows from Theorem 15. II together with a continuation argument, using that g{w) is lower 
semicontinuous and hence locally bounded from below. Note 

1 



/fe(Co) C h,{Bi{0)) C M."\Beixo) where 9 = -—— > 0. 

In the second alternative we thus get l^i — xo| > ^ > 0, and fk\cv converges uniformly to the 
point Ixq{xi) for any Cy C fi, in contradiction to diam/fc(Cj,) > 1. Therefore fk converges to 
a conformal immersion / : fi — )• M". Now the assumption that S^ diverges in moduli space 
yields that 6^ — t- 00, so that / : il — t- M" has second fundamental form in L?'{C) and finite area. 
Applying Theorem 13.11 to the points at v = ±00 we see that f{Cy) — )■ x± G M" for v — )■ itcxD. 
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Let us assume that x+ 7^ xq. Then for any e > we find a. 5 > with I{Bs{x^)) C B^{I{x^)). 

Choosing v < co large such that f(Cy) C Bs_{x-i-), we get for sufficiently large k 

2 

fk{C.) = lUkiCv)) C l{Bs{x+)) C B,{I{x+)). 

Taking e = 3 yields a contradiction to diani/fc(Ct,) > f. This shows x± = xq and in particular 
9'^{jl,xo) > 2 where fl = fifJ^g)- We conclude from the Li-Yau inequality, see Section 2.2, 

limini W if k) = liminf WC/fc) > W(/) > Svr. 
k—^00 k—^00 

a 



5.3 The case of genus p > 2 

We first collect some facts about degenerating Riemann surfaces from [B j IHum] . By definition, 
a compact Riemann surface with nodes is a compact, connected Hausdorff space S together 
with a finite subset N, such that 'S\N is locally homeomorphic to D, while each a £ N has a 
neighborhood homeomorphic to {{z,w) G C^ : zw = 0, l-zl,!^^! < !}• Moreover, all transition 
functions are required to be holomorphic. The points in N are called nodes. Each component 
E* of E\A^ is contained in a compact Riemann surface S , which is given by adding points to 
the punctured coordinate disks at the nodes. We have q < v + 1, where q and v are the number 
of the components and the nodes, respectively. We denote by pi the genus of S and Vi the 
number of punctures of S*. If 2pi + f j > 3 or equivalently x(S*) < 0, then S* carries a unique 
conformal, complete metric having constant curvature —1. With respect to this metric, the 
surface has cusps at the punctures and area 47r(pj — 1 + t'j). 

Next let Sfc be a sequence of compact Riemann surfaces of fixed genus p > 2, with hyperbolic 
metrics hk- By Proposition 5.1 in [Hum] . there exists a compact Riemann surface S with nodes 
N = {ai, . . . ,ar}, and for each k a maximal collection Tk = {7^, • • • ,7^} of pairwise disjoint, 
simply closed geodesies in E^ with i^, = L{'y-j^) — )• 0, such that after passing to a subsequence 
the following holds: 

(1) p-ELiP* = ^ + i-9>o. 

(2) There are maps tpk G C^(Tjk,Tj), such that ipk ■ Tjk\Tk — )• Tj\N is diffeomorphic and 
V>k{li) = aj for j = 1,... ,r. 

(3) For the inverse diffeomorphisms ipk : S\A^ — )• Tik\Tk, we have iplhk — )• /i in C^^(Ti\N). 

In the following we consider a sequence of conformal immersions fk G PF^''^(Sfc,M"') with 
y^ifk) ^ ^) and we assume that the hyperbolic surfaces {Y^i^,hj.) converge to a surface with 
nodes (S,A^) as described above. 

Lemma 5.4. There exist branched conformal immersions f^:T,^ R", finite sets Si C S* and 
Mobius transformations a],, such that 

alof^o^ky^ f' weakly in W^] (S^5i , R-^) /or i = 1 , . . . , g. 
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Replacing fk by ak o fj^ for suitable Mobius transformations at we can take a\ = id and 

4{y) = Ix, (^^) «^^ere Xi G R", yl = {fk o ^k){hi) for h, e S^ and A^ > 0, 

for i = 2, . . . ,q. Further the maps a\. o /^ are uniformly bounded, and W(/*) > /S" . 
Proof. By the GauB-Bonnet formula, the second fundamental form is bounded by 



/ \^ffd^lf,<C{K,p)< CO. 



The maps fk o ipk '■ 'S\N — )• M" are conformal immersions with respect to the metric ip^hk, 
which converges to h in C'j^^{T,\N). Let S,i C S* be an embedded arc, which is subdivided into 
^l, . . . ,^f^. We can choose a subsequence and jo G {!,..., m} with 

diam {fk o V'fc)(Cf ) = min diam {fk o '4)k){il) =■ A^. 

l<j<m 

We have A^, > by Theorem 13.11 Select hi G ^f , and define the maps 

fi-.^k^ M", fi{p) = IMzA where yl = {fk o Vfc)(&0- 

H 

As in Proposition 14. 11 we can choose Bi{xi) C M" with /^(S^) n Bi{xi) = for all k. Applying 
dSD to 4, o fi yields 

I^I^^ofli^k) <C <oo. 

Now consider the maps 

We can assume that fifiL.lAfil'^ converges to a as Radon measures, and put 

Jk Jk 

Si = {pe^': a{{p}) > 7n}. 

Corollary 15.21 implies that, away from Si, the fl subconverge locally uniformly either to a 
conformal immersion, or to a point xi G M". As in Theorem! 



fliCD C I.ABi{0)) C B,{xi)\BeM) where ^^ = -^—- > 0. 

Therefore in the second alternative we get |rEi — Xi\ > 9i, and fl o ipk converges to Ixi{xi) 
locally uniformly on S*\5j. But for m > ^ '^' there is a j G {1, • • • ,''ti} with ^j D Si = 0, 
and we conclude 1 < diam(/^ ° '4^k){^i) — ^ 0, a contradiction. Therefore fl converges locally 
uniformly and weakly in W^^^ (S*\5j,M") to /* G W^conf ioc((^*\'^''-'^")- Furthermore, Theorem 

13.11 shows that /* extends as a branched conformal immersion to S . Applying the argument 
for i = 2, . . . , (7 with fk replaced by a\ o fk yields the second statement of the lemma. Finally, 
the inequality VV(/*) > j3p- is clear when /* is unbranched, otherwise we get W{f^) > Stt > /3p. 
from the Li-Yau inequality (j3.ip in connection with [Kj. □ 
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For our last result we need more details on degenerating hyperbolic surfaces. For £ > we 
define a reference cylinder C{i) = [0, 1] x [—T{£),T{i)] with metric gi, where 

1 £ i'^ 

T(i) = - arccotf sinh -) and gels, t) = 7^-— ids^ + dt^). 

I 2' cos^ it 

The map (s,t) 1— )• ie^^**"*"**^ yields an isometry between (C(€)^gi) and the sector in the upper 
halfplane given by 1 < r < e^, 16* — || < arccot(sinh 2)- The circles q = {(s,t) : s £ [0, 1]} have 
constant geodesic curvature Xg^t) = sin it and length Lg^{t) = £/ cos it. We note 

lim Xg^ ( ± {T{i) -t)) = 1 and lim Lg^ ( ± (T(£) - t)) = ^ for any t > 0. 

Now let 7jt C Sfc be a sequence of geodesies with length ^^ — ;■ 0, corresponding to the node 
a G E. By the collar lemma, see [Hum], there is an isometric embedding 

(C(4),54) C(Sfc,/ife), 

with Co corresponding to 7^. Clearly T^ = T{ik) — )• 00. We will need the following property of 
the construction in [Hum ] : for any t € [0,oo) there is a compact set Kt C T\N such that 

(Pfc([0, 1] X [Tfc - t,Tfc]) C Kt for ah fe G N. (5.1) 

For this we refer to Section 4 in [Z]. 

Theorem 5.5. Let S^. he sequence of compact Riemann surfaces of genus p > 2, which diverges 
in moduli space. Then for any sequence of conformal immersions ft G W^^^^(Tik^^^) w^ have 

liminf >V(A) > min(87r,tj"). 

fc— >oo 

Proof. We first consider the case q = v + 1, hence p = pi + . . . + pq. By Lemma 15.41 we have, 
away from a finite set of points, fk°tpk^ f^ weakly on S^ and 

fk°Wk- Vk _^ j^^ ^ ji ^gakly on S* for 2 = 2, ... , q. 
K 

Now if /* attains Xi with multiplicity two or more, then the Li-Yau inequality p.ip yields 

liminfW(/fc)>W(r)>87r, 

fc— >-oo 



Otherwise we obtain, again by ()3.ip . 

lirn^ W{fk) > W(/i) + J2 Mix, o h > /3p" + E(^P. - 4^) ^ '^P • 

°° i=2 i=2 

In the case g < z^ + 1 there must be a node which does not disconnect E. After renumbering we 
can chose components S^, . . . , S**, and for each S' two punctures a, such that af,a~,^ corre- 
spond to the same node Oj for i = 1, . . . , s; here a^_^^ = a^ . We say that a puncture a^ is good, 
if either i = 1 or f^{a- ) 7^ x,. If both af and a^ are not good, then the theorem follows with 
lower bound Svr by the Li-Yau inequality (j3.ip . Therefore, omitting subscripts we can assume 
that there is a node a at which both punctures are good. 
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Using the collar embedding we now choose r^ G [— Tfc,Tjt] with 

diam fk (crf^) = min diam fk{ct)=:5k. 

The result follows as in Theorem 15.31 once we can show that for a subsequence 

lim |Tfc lb Tfcl = oo. (5-2) 

For fixed t E [0,00) the curves ipk{cTf.-t) are contained in the compact set Kf C Ti\N. Since 
V'^/ifc converges to h smoothly on Kt, we can assume that the curves converge smoothly to a 
limiting curve (3t in Kt with length Lh{f3t) = {t + ^)~^- Now if ipkicTk-t) C S^ we have 

diam /fc(cTfc-t) = diam (/^ o ipk){<fk{cTk-t)) -^ diam/^(/3t). 

By Theorem l3.lt we see diam/^(/3t) > for any t G [0,oo). On the other hand 

limsup(5fc < lim sup (diam/fc(cTj^_t)) = diam/^(/3t). 

fc— >oo fc—^-oo 

Letting t — t- 00 we conclude lim^^oo f^fe = by continuity of /^, which proves claim (j5.2p . In the 
remaining case ipk{cT,,-t) C S* for some i > 2 we compute similarly 



and further 



diam/A;(cTfc-f 



diam (4.^ o /^ o '0fc)('/'fc(cTfc-t)) ^ diam {I^^ o /*)(/3i) > 0, 



r "^fc ^ r diam/fc(cTfe-i) ,. .. fi\m \ 
hmsup -^ < hmsup -^ — ^ = diam (4, o / )(/;;j. 

Again letting t — )• cxd we see that 5k/X\ — )• 0, using the fact that the puncture is good, i.e. 
/*(a) 7^ Xj. Thus (|5.2|) holds also for i > 2, and the theorem is proved. □ 

The constants /S" and hence w" are not known explicitely. The Willmore conjecture in M" 
would imply that 0J2 = 47r(7r — 1) > Svr. The inequality uj^ > Svr holds at least for large p, since 
/3p — >• Svr as p — >■ cx) by |K-L-Sj . as noted in the introduction. 
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